Abstract-Manpower planning is a very important component of human resource management. However, there are many indeterminate factors that should be taken into consideration in manpower planning. For example, the decision of employees to quit the job is determined by their preference, which is beyond the control of human resource department. It can be realistically modeled as a random variable when the historical data of quitting rate are large enough. Otherwise, it can only be regarded as an uncertain variable when the historical data are inadequate. In this paper, we discuss a manpower planning optimization problem for a manufacturing company with hierarchical system, where the quitting rate of employees is modeled as an uncertain variable. First, we formulate a mathematical model for this uncertain manpower planning optimization problem, where the influence on the production outputs by employees is taken into consideration. Second, we present a deterministic conversion method to transform this uncertain manpower planning optimization problem into an equivalent deterministic discrete-time optimization problem. It is further converted into an equivalent linear programming model with an equality constraint and an inequality constraint. Finally, we use the real data from Singapore, Denmark, and China to carry out a numerical simulation and make a comparison with the results obtained based on stochastic model to show the advantages of our method.
world, especially for the international corporations and large organizations. It requires to develop an optimal management strategy to match the requirement of the staffs and the available positions for achieving specific goals.
However, there are many indeterminate factors that should be taken into consideration in manpower planning, such as labor demand, working life, and economic environment. At present, many different stochastic manpower planning models have been established and discussed in the literature. For instance, Chattopadhyay and Gupta [2] developed a stochastic manpower planning model under the setup, where the survival rates and the number of workers at different ages are treated as random variables. Yan et al. [18] discussed two long-term stochastic demand planning models for air cargo terminal manpower supply planning in long-term operations, where the labor demand is described as a random variable. Young and Vassiliou [23] considered a nonlinear stochastic model of hierarchically structured management staffs in commercial and industrial organizations, where the promotion of employees is modeled as a random variable.
However, for most of the related literature, the effect of the optimal planning strategy on the production outputs has not been taken into full consideration. In 2016, Sun et al. [16] constructed a new model of a manpower planning optimization problem for a manufacturing company with different types of employees, where the types of workers have direct influence on the production outputs, and the quitting rate of employees was assumed as a random variable with known expected value and variance. Then, the manpower planning optimization problem was formulated as a stochastic discrete time optimization model.
When we need to describe a subjective imprecise quantity, the concept of belief degree will be used. In order to deal with personal belief degrees, an uncertainty theory was introduced by Liu [10] in 2007 and refined by Liu [14] in 2010 based on normality, duality, subadditivity, and product axioms. After that, uncertainty theory has been investigated by many researchers. Sheng and Kar [15] provided a new formula using inverse uncertainty distribution to describe the moment of uncertain variable. Yao et al. [20] proposed a formula to calculate the variance of an uncertain variable via the inverse uncertainty distribution. Yao and Li [22] presented a kind of uncertain process, called uncertain alternating renewal process and developed an uncertain renewal theory. Zhu [24] introduced and dealt with an uncertain optimal control problem with application to a portfolio selection model. Up to now, uncertainty theory has become a branch of axiomatic mathematics and contains many topics, such as uncertain programming (Gao [8] , Liu [13] ), uncertain process (Chen [3] , Liu [11] ), uncertain finance (Chen and Gao [4] , Chen et al. [6] ), and uncertain differential equation (Chen and Liu [5] , Yao et al. [21] ).
As mentioned above, the quitting rate of employees for a manufacturing company is usually uncertain in nature, which should be taken into consideration during the decision making process in human resource management. Hence, the manpower planning optimization problem under uncertain environment is as important as in stochastic environment. In this paper, we consider a manpower planning optimization problem for a manufacturing company with hierarchical system under uncertain environment, where the quitting rate is modeled as an uncertain variable. We shall compare our results with those obtained using the stochastic model proposed in Sun et al. [16] .
The rest of this paper is organized as follows. Some basic concepts in uncertain theory are reviewed in Section II. In Section III, the manpower planning optimization problem is formulated as an uncertain discrete-time optimization model. In Section IV, we transform it into a deterministic discrete-time optimization model and propose a method to solve it. Based on the real data from Singapore, Denmark and China, a numerical simulation is carried out in Section V. The last section gives a conclusion.
II. PRELIMINARY
For the formulation and discussion of the manpower planning optimization problem under uncertain environment, many basic concepts, such as uncertain variable, uncertainty distribution, and uncertain expected value, in uncertainty theory will be used in Section III. Thus, they will be introduced in this section.
Let Γ be a nonempty set, and L a σ-algebra over Γ. Each element Λ ∈ L is called an event. A set function M defined on the σ-algebra over L is called an uncertain measure if it satisfies the following axioms: (normality axiom) M{Γ} = 1 for the universal set Γ; (duality axiom)
is called an uncertainty space. A product uncertain measure M is defined by Liu [12] to produce an uncertain measure of compound event:
where Λ k are arbitrarily chosen events from L k for k = 1, 2, . . ., respectively. For modeling the quantities under uncertain environment, a concept of uncertain variable is defined by Liu [10] as a function ξ from an uncertainty space (Γ, L, M) to the set of real numbers such that for any Borel set of real numbers, the set {ξ ∈ B} = {γ ∈ Γ | ξ(γ) ∈ B} is an event. In order to describe uncertain variable in practice, the uncertainty distribution Φ of an uncertain variable ξ is defined by Φ(x) = M{ξ ≤ x}, for any real number x.
An uncertain variable ξ is called normal if it has a normal uncertainty distribution
, where e and σ are real numbers with σ > 0.
To describe the average value of an uncertain variable ξ, the concept of expected value is defined in Liu [10] as (3) provided that at least one of the two integrals is finite. The variance of ξ is defined as
Let ξ and η be independent uncertain variables with finite expected values. Then, for any real numbers a and b
Remark 1: Uncertainty theory (Liu [10] , Liu [14] ) is a branch of mathematics for modeling belief degrees, while probability theory (Kolmogorov [9] ) is for modeling frequencies. The main different is that the product uncertain measure is the minimum of uncertain measures of uncertain events, i.e.,
for uncertain events Λ 1 and Λ 2 . The product probability measure is the product of probability measures of random events, i.e.,
for random events Δ 1 and Δ 2 . It implies that uncertain variables and random variables obey different operational laws.
III. PROBLEM FORMULATION
Manpower planning consists of putting right number of employees, right kind of employees at the right place, right time, doing the right tasks for which they are suited for the achievement of different goals. The hierarchical system can be interpreted as a pyramid with lowest rank of job category at the base, for example, junior production worker. Moving up to higher levels, there are higher ranks of job categories, such as senior production worker, supervisor, senior supervisor, and manager. For each level, there will be personnel change through recruitment, promotion, dismissal, as well as employees quitting. The first three activities are regarded as decision variables because they can be decided by human resource department. But, the quitting rate is determined by employees' preference, which is beyond the control of human resource department.
In 2016, Sun et al. [16] constructed a stochastic discrete time optimization model for a manpower planning problem in stochastic environment, where the quitting rate is considered as a random variable. The objective is to minimize the expected human resource cost while maximizing the total expected production outputs. However, the quitting rate can be realistically regarded as a random variable only when the historical data of quitting rate is large enough. This is a fundamental premise.
When the historical data is inadequate, it will be more appropriate to formulate it as an uncertain variable. In the following, we consider a manpower planning optimization problem for a manufacturing company with hierarchical system under uncertain environment.
Let M be the number of staff levels and T be the number of time periods considered. The initial total number of staff in the company is N . To formulate the mathematical optimization model, we introduce the following notations:
x i (t): the number of staff in level i at the end of period t; R i (t): the recruitment number of staff being recruited to level i at the end of period t; P i (t): the promotion number of staff being promoted to level i at the end of period t; S i (t): the dismissal number of staff in level i at the end of period t; Q i (t): the quitting number of staff in level i at the end of period t.
Here, i represents the ith rank of the job category.
(there is no recruitment at the end of the planning horizon), P i (0) = S i (0) = 0 (at the beginning of the time horizon the company only recruits, i.e., no promotion nor dismissal of staff) and P M +1 (t) = 0 (no staff can be promoted into level M + 1 at the end of period t), for t = 0, . . . , T . Here, we model the quitting rate Q i (t) as a normal uncertain variable with excepted value μ i and variance σ 2 i . It is assumed that the quitting rates Q i 1 (t 1 ) and Q i 2 (t 2 ) are independent for any different periods t 1 and t 2 (t 1 , t 2 = 1, . . . , T ) or levels i 1 and i 2 
, M).
Because the quitting number Q i (t) (t = 1, . . . , T, i = 1, . . . , M) is an uncertain variable, the number of staff in each hierarchy and period can be described by the following system of uncertain difference equations:
To maintain the company's normal operation, there should be enough of workers in each level. This situation is modeled by the following chance constraints:
where p i is the pre-set minimum number of staff in level i and q i is the given confidence level in level i with 0 < q i < 1.
The objective of decision maker is to find an optimal strategy of recruitment, promotion, and dismissal for minimizing the expected human resource cost while maximizing the total expected production outputs at the end of the planning horizon. Hence, R i (t), P i (t), and S i (t) are decision variables, which are crisp in nature. Then the expected human resource cost and the expected total production outputs can be formulated as
respectively, where
, and c i are the salary cost, recruitment and training cost of external workers, training cost of internal workers, and dismissal cost per worker per period in level i, respectively, n i is the number of units that the workers in level i can produce in each time period.
Obviously, this manpower planning optimization problem is a biobjective optimization model. A common method for solving the biobjective optimization model is to convert it into a single objective optimization model by introducing a weighting parameter, see, for example, Cai et al. [1] , Deng et al. [7] , and Sun et al. [16] . Likewise, we minimize the following function by introducing the weighting parameters ν and 1 − ν
Here, we use −(1 − ν) because the original objective is to maximize the expected total production outputs function g 2 . When ν = 1, the decision maker pays all its attention to minimize the expected human resource cost. Conversely, ν = 0 means that the decision maker just wants to maximize the expected production outputs. In this paper, we assume that 0 < ν < 1. Then, we formulate the manpower planning problem under uncertain environment as the following uncertain discrete-time optimization model, named as problem P 0 :
where 0 < ν < 1.
Remark 2:
Although the objective function in Sun et al. [16] contains the term of quitting cost, it has no influence on the transformation and optimization processes. Here, we assume that there is no withdrawal benefit for workers quitting the job themselves. We note that the summation operation at discrete time t means the human resource cost and production outputs during period t + 1. Hence, the summation operation over t from 0 to T − 1 includes all the human resource cost and production outputs.
Because R i (t), P i (t), and S i (t) are decision variables, they are crisp rather than uncertain in nature. Then it follows from (5), (6) and Theorem 8 in [19] that
where the function Δ represents all crisp items. Thus, we can swap the order of the expected value operator E and summation operator. The objective function G 0 can be rewritten as
IV. DETERMINISTIC TRANSFORMATION In this section, we first transform problem P 0 into an equivalent deterministic problem and then present a method for solving it.
Let z i (t) and w i (t) be new state variables defined by
It follows from (5) and (6) that for t = 0, . . . , T − 1 and i = 1, . . . , M
Because the variables x i (t) and Q i (t + 1) are essentially two independent normal uncertain variables, for t = 0, . . . , T − 1 and i = 1, . . . , M, it follows from Theorem 5 in [20] that
We can find, in (16) , that the decision variables contain those in the past time t as well as the present time t + 1. For achieving the unity of time t, we define
Then we transform P i (t) and S i (t) from decision variables into state variables with initial condition P i (0) = S i (0) = 0 and introduce a new decision variable v i (t), t = 0, . . . , T − 1, i = 1, . . . , 2M . Hence, the decision variables are
The objective function (14) becomes
Theorem 1: The chance constraints (7) are equivalent to the following constraints:
where Φ −1 is the inverse uncertainty distribution of normal uncertain variable with expected value 0 and variance 1.
Proof Because x i (t) is a normal uncertain variable with expected value z i (t) and variance w i (t), we know that
is a normal uncertain variable with expected value 0 and variance 1. Thus, the chance constraints (7) are equivalent to
i.e.,
where Φ −1 is the inverse uncertainty distribution of normal uncertain variable with expected value 0 and variance 1. Thus, constraints (7) are equivalent to the constraints (21) . The theorem is proved.
Because state variable w i (t) can be solved directly from (17) with initial value 0, it can be obtained that
Combining the state variables but excluding w i (t), for t = 0, . . . , T − 1, the new dynamical system can be written as
. . .
. Based on the above operators, problem P 0 is equivalent to the following deterministic discrete time optimization model (24) , named as problem P 1 , where 0 < ν < 1, see (24)- (26) shown at the bottom of the next page.
A. Solving Problem P 1
In this section, we convert problem P 1 into a standard linear programming problem such that it can be solved more easily.
The new state and decision variables can be rewritten in vector forms y(t) = [z 1 (t), . . . , z M (t), P 1 (t), . . . , P M (t),
It follows from (27) and (28) that (24) can be rewritten as
where δ and η are both 3M dimension row vectors given by 
. , T , the state variable y(t) can be expressed in terms of decision variable h(t) as
where
and ζ is a 3M dimensional column vector given by
Proof Here, we use the induction method. It is clear that
Suppose that (32) is satisfied when t = n. Then, at t = n + 1, we have
The theorem is proved. Also, the state constraints (25) can be written in a matrix form given by
where κ is an M × 3M matrix, and λ(t) is an M dimensional column vector defined by
s.t.
and
For translating the inequality constraints (34) into equality constraints, we add an auxiliary decision variable to the lefthand side of (34), yielding κy(t) − θ(t) = λ(t), t = 1, . . . , T
Define
(38) Obviously, we have
where 0 is a 4MT dimensional column vector. According to (29), (32), and (38), the objective function G 0 can be expressed as a linear function
where c is a 4MT dimensional column vector defined by
Substituting (32) into (37), the constraints (37) can be expressed as
where A and b are given below as an
and an MT column vector ⎛
respectively. Here,0 is an M × 3M zero matrix. Based on (39), (40), and (42), problem P 1 can be formally stated as a standard linear programming problem as given in the following: Then, we use the interior-point linear programming solver SDPT3 (MATLAB platform) proposed in [17] to solve the converted standard linear programming problem (45). After obtaining the value of ω * , the procedures for obtaining the solution of the original problem P 0 are summarized as follows:
Step 1: Calculate the values of h(0), . . . , h(T − 1) by (38);
Step 2: Calculate the values of decision variables of the original problem P 0 according to (18) , (19) , and (28).
V. NUMERICAL SIMULATION
In this section, we use the same data and parameters, shown in Tables I and II , as in [16] to carry out a numerical simulation and make a comparison. All values in Table II are in US dollars. Also, we choose initial workforce N = 1000, planning horizon T = 12 months, confidence level q i = 0.8 (i = 1, 2, . . . , 6) and weighting parameter ν = 0.3. Because the quitting cost per worker is chosen as 0 in [16] , the optimization problem can be modeled as defined in Section III.
Here, we use the interior-point linear programming solver SDPT3 (MATLAB platform) proposed in [17] to solve the converted standard linear programming problem. From the calculation procedure presented in Section IV, the optimal manpower strategies of recruitment, promotion, and dismissal for three different countries can be calculated. The obtained solutions are given in Tables III, IV , and V. Our mathematical model for the uncertain manpower planning optimization problem provides results that realistically reflect the conditions of each of the countries considered. We choose three countries (Singapore, Denmark, and China) that are distinct in nature and especially in salaries. One is a developed country, Denmark, which has relatively stable domestic labor with relatively high wages. At the other extreme is China, a developing country with relatively low wages and plenty of available manpower. The third is Singapore. While a developed country, Singapore utilizes a huge number of cheap unskilled foreign labor to keep manpower costs down at the lower levels. The results of our model demonstrate that the inclusion of the effect of production outputs produces results that are realistic and takes into consideration the differences of each country.
Singapore, with relatively cheap and abundant low-skilled foreign labor, results in an optimal workforce that encourages recruitment at the lowest two levels as shown in Table III , and also at the more expensive and skilled managerial levels. It is cheaper to recruit than promote internal skilled staff at the managerial levels. Denmark, having the most stable workforce with relatively higher wages than the other two countries, achieves workforce stability in a much shorter time than Singapore and China. From Table IV , their human resource strategy stabilizes after nine months while there are no signs of workforce stability in Singapore and China. With regards to recruitment and promotion, the strategy suitable for Denmark is to recruit at all levels rather than promote internal staff as the promotion cost is higher than the recruitment cost for the country. China has a huge number of cheap domestic workers. Hence, it is hardly surprising that their optimal workforce recommends recruiting a huge, even excessive, number of workers at all levels as in Table V . Their model does not recommend recruitment or promotion after the initial recruitment. The optimal manpower structures in each level for three different countries can be found in Tables VI, VII, our results with Sun et al. [16] , the percentage increase in manpower cost is 2.2302%, 2.1731%, and 3.4213% for Singapore, Denmark, and China, respectively. The corresponding increase in production output as a result of the manpower increase is 2.4728%, 2.0103%, and 4.4715%. Table IX illustrates the unit output cost based on our optimal manpower structure compared to the optimization model in [16] .
Our model, with more stable retention of employees, sees a lower unit cost for Singapore and China, but a higher unit output cost for Denmark. This, indeed, reflects more accurately the real situation, as the manpower cost in Singapore is approximately four times that of China, while in Denmark, the manpower cost is approximately ten times that of China. Thus, unless the quality of the product produced in Denmark is substantially higher than that of Singapore and China, the manufacturing industry is unable to compete with that of Singapore and China. Our model confirms that for labour intensive companies producing low value products, it is more profitable to base their operations in low labour cost countries, such as China or countries where the labour cost is relatively lower, such as Singapore for which a large number of low-cost foreign workers is used. In conclusion, for high labour cost countries like Denmark, only high end products will be compatible and survive.
VI. CONCLUSION
In this paper, we discussed a manpower planning optimization problem for a hierarchical system under uncertain environment because the quitting rate of employees is usually uncertain in nature. The manpower planning optimization problem was formulated as an uncertain discrete-time optimization model for minimizing the expected human resource cost while maximizing the expected production outputs. Our model considered the actual personnel change through recruitment, promotion, dismissal, as well as employees quitting and took into account the influence of the production outputs of workers. Then, we transformed it into an equivalent deterministic problem and presented a solution method for solving it. In order to show the effectiveness and rationality of our model, we remodeled the practical example considered in [16] by our method. The obtained results showed that our model reflects more accurately the real situation than the stochastic model.
